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ON EQUATIONS FOR A SPIN-2 PARTICLE
IN EXTERNAL GRAVITATIONAL FIELD
30-omponent, of the first order, equation for a spin 2 partile, equivalent to the seond
order Pauli-Fierz one, is generalized to presene of an external eletromagneti field as well as
a urved bakground spae-time geometry. The essential property of the generally ovariant
wave equation obtained is that here from the very beginning, in aordane with requirement
of the Pauli-Fierz approah, a set of additional relations on 30-omponent wave funtion for
eliminating omplementary spin 0 and spin 1 fields is present at the starting equation.
1
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Introdution
The theory of the massive spin-2 field has reeived muh attention over the years sine the initial on-
strution of a a Lagrangian formulation by Fierz and Pauli [1-2℄. The original Fierz-Pauli theory for spin
was seond order in derivatives ∂α (and involved salar and tensor auxiliary fields). It is highly satisfa-
tory as long as we restrit ourselves to a free partile ase. However this approah turned out not to be
so good at onsidering spin-2 theory in presene an external eletromagneti field. Federbush [3℄ showed
that to avoid a loss of onstrains problem . the minimal oupling had to be supplemented by a diret
non-minimal to the eletromagneti field strength. There followed a number of works on modifiation
or generalizations of the Fierz-Pauli theory (Rivers [4℄, Nath [5℄, Bhargava and Watanabe [6℄, Tait [7℄,
Reilly [8℄). At the same time interest in general high-spin fields was generated by the disovery of the
now well-known inonsisteny problems of Johnson and Sudarshan [9℄ and Velo and Zwanzinger [10℄. In
the ourse of investigating their aausality problems for other then 3/2, Velo-Zwanzinger redisovered
the spin-2 loss of onstrains problem, but were not at first aware of the non-minimal term solution of it.
(Velo [11℄) later made a thorough analysis of the external field problem for the 'orret' non-minimally
oupled spin-2 theory, showing that it too is aausal.
All the work mentioned above dealt with a seond-order formalism for the spin-2 theory. Muh of the
onfusion whih arose over this theory ould be traed to the so-alled "derivative ordering ambiguity
(Naglal [12℄). This problem an be avoided by working from the start with a first-order formalism (for
example see Gel'fand et al [13℄) and for whih the minimal oupling proedure is unambiguous..
The work by Fedorov [14℄ was likely to be the first one where onsistent investigation of the spin-2
theory in the framework of first-order theory was arried out in detail. The 30-omponent wave equation
[14℄ referred to the so-alled anonial basis, transition from whih to the more familiar tensor formulation
is possible but laborious task and it was not done in 14℄. Subsequently the same 30-omponent theory
was redisovered and fundamentally elaborated in tensor-based approah by a number of authors (Regge
[15℄, Shwinger [16℄, Chang [17℄, Hagen [18℄, Mathews et al [19℄, Cox [20℄). Also a matrix formalism for
the spin-2 theory was developed (Fedorod, Bogush, Krylov, Kisel [21-25℄).
Conurrently else one theory for spin-2 partile was advaned that requires 50 field omponents (Adler
[26℄, Deser et al [27℄, Fedorov and Krylov [28, 23℄, Cox [20.℄). It appears to be more ompliated, however
some evident orrelation between the orresponding massless theory and the non-linear gravitational
equation is revealed (Fedorov [28℄).
Possible onnetions between two variants of spin-2 theories have been investigated. Seemingly, the
most larity was ahieved by Bogush and Kisel [25℄, who showed that 50-omponent equation in presene
of an external eletromagneti field an be redued to 30-omponent equation with additional interation
that must be interpreted as anomalous magneti momentum term. Though this work was done in the
framework of matrix formulation of the spinor tehnique (whih make this paper diffiult to follow) the
main result was emphasized quite distintly.
In the present work we will return to a 30-omponent theory and will investigate it in presene of
both eletromagneti and gravitational fields. Gravitational fields are assumed to be desribed in terms
of a urved spae-time bakground. We are going to trae in detail how a generally ovariant Fierz-Pauli
theory an be derived from the generally ovariant first-order wave equation (in presene of Aµ(x), gαβ(x)
fields). Our hief aim is to eluidate the mehanism of resolving the problem of degrees of freedom in the
30-omponent theory. The most signifiant aspet of the theory under onsideration is that it starts from
a ertain Lagrangian. This means that a presupposed set of additional onditions, onstrains on 30 field
onstituents, turns out to be inorporated into the model from the very beginning, in aordane with
the known Fierz-Pauli program [1,2℄.
1. Desription of the massive spin-2 partile on the base of rst-order formalism
Let us start off with the tensor equations [21℄
A∂aΦa = mΦ, (1.1a)
C∂aΦ +B∂
bΦab = mΦa, (1.1b)
E(∂kΦkab + ∂
kΦkba −
1
2
gab∂
kΦ nkn ) +N(∂aΦb + ∂bΦa −
1
2
gab∂
kΦk) = mΦab, (1.1c)
F [∂aΦbc − ∂bΦac +
1
3
(gbc∂
kΦak − gac∂
kΦbk)] = mΦabc, (1.1d)
2
where A,B, ... are some onstants. From eq. (1.1) it follows restritions on Φab:
Φab = +Φba, g
abΦab = Φ
a
a = 0. (1.2)
In turn, eq. (1.1d) presupposes antisymmetry of Φabc over two first indies Φabc = −Φbac . Also, simpli-
fying eq (1.1d) over indies b and c and remembering eq. (1.2), we get to
Φ bab = 0. (1.3a)
In addition, eq. (1.1d) leads to
Φabc +Φbca +Φcab = 0, èëè ǫ
kabcΦabc = 0 (1.3b)
that means impossibility to redue the 3-d rank tensor to a simpler form.
Thus, the total number of independent omponents in the used tensor set Φ,Φa,Φab,Φabc equals to
30:
Φ(x)− 1,Φa − 4,Φab − (10− 1) = 9,Φabc − (6× 4− 4− 4) = 16. (1.4)
Now it should be noted that without loss in generality one may set the onstants A and F equal to
1; this involves elementary onverting
Φabc
F
,EF,
Φ
A
,CA into Φabc, E,Φ, C
respetively. Correspondingly, instead of eqs. (1.1) further we will onsider these
∂aΦa = mΦ, (1.5a)
C∂aΦ +B∂
bΦab = mΦa, (1.5b)
E(∂kΦkab + ∂
kΦkba) +N(∂aΦb + ∂bΦa −
1
2
gab∂
kΦk) = mΦab, (1.5c)
∂aΦbc − ∂bΦac +
1
3
(gbc∂
kΦak − gac∂
kΦbk) = mΦabc. (1.5d)
taking in mind the onstrains
Φab = +Φba,Φ
a
a = 0,Φabc = −Φbac,Φ
b
ab = 0,Φabc +Φbca +Φcab = 0. (1.6)
The first step is to exlude the first and third rank tensors from eq. (1.5). To this end, with the use
of (1.5b) one gets
E(∂kΦkab + ∂
kΦkba) =
=
−E
m
[
4
3
(∂a∂
kΦkb + ∂b∂
kΦka)− 2∂
k∂kΦab −
2
3
gab∂
k∂nΦkn)],
N [∂aΦb + ∂bΦa −
1
2
gab∂
kΦk] =
N
m
[2C(∂a∂b −
1
4
gab∂
k∂k)Φ+
+B(∂a∂
kΦkb + ∂b∂
kΦka −
1
2
gab∂
k∂nΦkn)].
Taking these two relations into aount, eq. (1.5) reads as (∇
2 = ∂k∂k)
2CN(∂a∂b −
1
4
gab∇
2)Φ + 2E∇2Φab+ (1.7)
+(NB −
4
3
E)(∂a∂
kΦkb + ∂b∂
kΦka −
1
2
gab∂
k∂nΦkn) = m
2Φab.
In turn, from eq. (1.5à), remembering (1.5á), one gets to
C∇2Φ+B∂k∂nΦkn = m
2Φ. (1.8)
The two relationships (1.7) and (1.8) provide us with wave equations desribing the spin-2 partile in
two-order formalism. Now one needs to make lear how they ould refer to a orresponding Fierz-Pauli
3
equations. With this aim in mind we will produe ertain onstrains on yet arbitrary parameters entering
eqs. (1.5). Ating on eq. (1.7) by ∂b, one produes
3
2
CN∂a∇
2Φ−
1
2
(NB −
4
3
E)∂a∂
k∂nΦkn + (NB +
2
3
E)∇2∂kΦka = m
2∂kΦka. (1.9)
Setting
NB +
2
3
E = 0, (1.10)
eq. (1.9) looks as
∂a(
3
2
CN∇2Φ− E∂k∂nΦkn) = m
2∂kΦka, (1.11a)
In the same time, ating on eq. (1.8) by ∂a, one produes
∂a(C∇
2Φ+B∂k∂nΦkn) = m
2∂aΦ. (1.11b)
Let us demand that the free parameters obey
C = µ−1
3
2
CN,B = −µ−1E. (1.11c)
Then eq. (1.11b) gets to the form
∂a(
3
2
CN Φ− E∂k∂nΦkn) = µm
2∂aΦ. (1.11d)
Beause the left-hand sides of eqs. (1.11a) and (1.11d) oinide, then
∂kΦkl = µ∂lΦ. (1.12a)
Subjeting eq. (1.12a) to operation ∂l, one produes
µ∇2Φ− ∂k∂lΦkl = 0. (1.12b)
Let us write down here eq. (1.8) in the form
−B(−
C
B
∇
2Φ− ∂k∂nΦkn) = m
2Φ. (1.12c)
and let us demand that the equality µ = −C
B
. holds. Then from eqs. (1.12) and (1.12a) it follows
Φ = 0. (1.13a)
Therefore eq.(1.12a) reads as
∂kΦka = 0. (1.13b)
It remains to proof that all these equations on free parameters are onsistent with eah others. They
all are
NB +
2
3
E = 0, C = µ−1
3
2
CN,B = −µ−1E, µ = −
C
B
, (1.14a)
and they give
µ =
3
2
N, C = E = −
3
2
NB. (1.14b)
Taking solutions of (1.14b) in the form
C = E = 1/2, N = 1, B = −
1
3
, (1.15)
it is easy to make sure that the system (1.7)-(1.8) oinides with the Fierz-Pauli equations [1,2℄
2
(∂a∂b −
1
4
gab∇
2)Φ + (∇2 +M2)Φab− (1.16a)
2
In the following we adopt just this hoie (1.15), however there are possible others. In partiular, our hoie differs
from that aepted in [20,21℄
4
−(∂a∂
kΦkb + ∂b∂
kΦka −
1
2
gab∂
k∂nΦkn) = 0,
(
1
2
∇
2 +M2)Φ−
1
3
∂k∂nΦkn = 0. (1.16b)
Here, m = iM and M is a real-valued massive parameter.
On taking into aount the relations (1.13a) and (1.13b) eqs. (1.16) give
(∇2 −M2)Φab = 0 , Φab = Φba ,Φ
a
a = 0, ∂
kΦka = 0, (1.17)
these are equations desribing a free massive spin-2 partile [1,2℄.
Finally, let us write down the initial first-order system (1.15), now with the fixed numerial parameters
∂aΦa = mΦ, (1.18a)
1
2
∂aΦ−
1
3
∂bΦab = mΦa, (1.18b)
1
2
(∂kΦkab + ∂
kΦkba −
1
2
gab∂
kΦ nkn ) + ∂aΦb + ∂bΦa −
1
2
gab∂
kΦk = mΦab, (1.18c)
∂aΦbc − ∂bΦac +
1
3
(gbc∂
kΦak − gac∂
kΦbk) = mΦabc. (1.18d)
Further we will onsider these equations as a basi ones to desribe the massive spin-2 partile in
Minkowsky spae-time. In its ontext the Fierz-Pauli theory's status should be revised and their equa-
tions should be regarded as derivative. And just eqs. (1.18) are to be extended to general relativity ase
and investigated in that bakground.
2. Spin-2 partile in a urved spae-time
To take into aount the presene of an external eletromagneti field and a urved spae-time bak-
ground, , eqs. (1.18) are to be replaed by
DαΦα = mΦ, (2.1a)
1
2
DαΦ−
1
3
DβΦαβ = mΦα, (2.1b)
1
2
(DρΦραβ +D
ρΦρβα −
1
2
gαβ(x)D
ρΦ σρσ )+
+(DαΦβ +DβΦα −
1
2
gαβ(x)D
ρΦρ) = mΦαβ , (2.1c)
DαΦβσ −DβΦασ +
1
3
(gβσ(x)D
ρΦαρ − gασ(x)D
ρΦβρ) = mΦαβσ (2.1d)
where Dα = ∇α + ie Aα ; Aα is an eletromagneti 4-vetor; ∇α stands for a generally ovariant
derivative. Again, the system (2.1) involves the following onstrains:
Φαβ = Φβα,Φαβρ = −Φβαρ,Φ
α
α = 0,Φ
α
βα = 0,Φαβρ +Φβρα +Φραβ = 0 .
It should be stressed that suh a straightforward and formal generalization of the above equations does
not mean that the taking of eq. (1.18) into eq. (2.1) is trivial step without any substantial peuliarities.
The things are quite to the ontrary. In partiular, the important question of degrees of freedom in the
model appears to beome muh more intriate.
Now we are going to onsider this problem in some detail. As a first step, let us exlude the first and
third rank tensors from eq. (2.1). To this end, manipulating with eqs. (2.1d) and (2.1b) one an produe
two relations:
DρΦραβ +D
ρΦρβα =
1
m
[−(DρDαΦβρ +D
ρDβΦαρ − 2D
ρDρΦαβ)−
−
1
3
(DαD
σΦβσ +DβD
σΦασ − 2gαβ(x)D
ρDσΦρσ)], (2.2a)
DαΦβ +DβΦα −
1
2
gαβ(x)D
ρΦρ =
1
m
[
1
2
(DαDβ +DβDα −
1
2
gαβD
ρDρ)Φ−
5
−
1
3
(DαD
ρΦβρ +DβD
ρΦαρ −
1
2
gαβ(x)D
ρDσΦρσ)]. (2.2b)
With the use of (2.2), eq. (2.1) an be brought to the form
−
1
2
(DρDαΦρβ +D
ρDβΦρα) +D
ρDρΦαβ+
−
1
6
(DαD
σΦβσ +DβD
σΦασ) +
1
3
gαβD
ρDσΦρσ +
1
2
(DαDβ +DβDα)Φ−
1
4
gαβ(x)D
ρDρΦ−
−
1
3
(DαD
ρΦβρ +DβD
ρΦαρ) +
1
6
gαβ(x)D
ρDσΦρσ = m
2Φαβ ,
from whih, on elementary alulating one gets to
−
1
2
(DρDαΦρβ +D
ρDβΦρα)−
1
2
(DαD
ρΦβρ +DβD
ρΦαρ)+
+
1
2
gαβ(x)D
ρDσΦρσ +D
ρDρΦαβ +
1
2
(DαDβ +DβDα)Φ−
1
4
gαβ(x)D
ρDρΦ = m
2Φαβ . (2.3)
The first expression in (2.3) is readily taken to the form
−
1
2
(DρDαΦρβ +D
ρDβΦρα) =
= −
1
2
(DαD
ρΦβρ +DβD
ρΦαρ)−
1
2
([Dρ, Dα]−Φρβ + [D
ρ, Dβ ]−Φρα).
Correspondingly, eq. (2.3) will look as
−DαD
ρΦβρ −DβD
ρΦαρ −
1
2
([Dρ, Dα]−Φρβ + [D
ρ, Dβ]−Φρα)+
+
1
2
gαβD
ρDσΦρσ +D
ρDρΦαβ +
1
2
(DαDβ +DβDα)Φ−
1
4
gαβ(x)D
ρDρΦ = m
2Φαβ . (2.4a)
In turn, exluding with the help of (2.1b)the vetor field from eq. (5.1a), one an produe
1
2
DρDρΦ−
1
3
DρDσΦρσ = m
2Φ . (2.4b)
These (2.4a) and (2.4b) provides with generalizations of eqs. (1.16a,b). Formally, eqs. (2.4) differ from
eqs. (1.16) in hanging ∂b =⇒ Dβ and in appearane additional terms owing to the [..., ...]−-ommutator
onstrution.
Although eqs. (2.4) are rather ompliated, they exhibit some interesting properties. To bring them
out we need perform some speial manipulation. Let us at on eq. (2.4a) by Dβ-operator:
−DβDαD
ρΦβρ −D
βDβD
ρΦαρ −
1
2
Dβ([Dρ, Dα]−Φrhoβ + [D
ρ, Dβ ]−Φρα)+ (2.5a)
+
1
2
DαD
ρDσΦρσ +D
βDρDρΦαβ +
1
2
DβDαDβΦ+
1
2
DβDβDαΦ−
1
4
DαD
ρDρΦ = m
2DβΦαβ ,
whih an be led to the form
−[Dβ , Dα]−D
ρΦβρ −DαD
βDρΦβρ −D
βDβD
ρΦαρ−
−
1
2
Dβ([Dρ, Dα]−Φρβ + [D
ρ, Dβ ]−Φρα) +
1
2
DαD
ρDσΦρσ +D
βDρDρΦαβ+
+
1
2
[Dβ , Dα]−DβΦ +
1
2
DαD
βDβΦ +
1
2
DαD
βDβΦ+
1
2
[DβDβ , Dα]−Φ−
−
1
4
DαD
βDβΦ = m
2DβΦαβ. (2.5b)
From (2.5a) after evident simplifiation it follows
m2DβΦαβ =
1
2
Dα(
3
2
DρDρΦ−D
βDρΦβρ) + ∆α, (2.6)
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with the notation
∆α = −[D
β, Dβ ]−D
ρΦβρ + [D
β , DρDρ]−Φαβ−
−
1
2
Dβ([Dρ, Dα]−Φρβ + [D
ρ, Dβ]−Φρα) +
1
2
[Dβ , Dα]−DβΦ +
1
2
[DβDβ , Dα]−Φ. (2.7)
Now let us at on eq. (2.4b)by 3 Dα-operator:
Dα(
3
2
DρDρΦ−D
ρDσΦρσ) = 3m
2DαΦ. (2.8)
Taking into aount eq. (2.8) in eq. (2.6), the latter is brought to the form
m2DβΦαβ =
3
2
m2DαΦ+∆α, or m
2(
3
2
DαΦ−D
βΦαβ) = −∆α. (2.9)
Now ating on eq. (2.0) by operator
1
3
Dα, we will have
m2(−
1
3
DαDβΦαβ +
1
2
DαDαΦ) = −
1
3
Dα∆α,
from where having remembered eq. (2.4b) we arrive at
m4Φ = −
1
3
∂α∆α. (2.10)
In a free ase, the vetor ∆α vanishes identially, therefore from (2.10), (2.9) it follows ∆a = 0,Φ =
0, ∂bΦab = 0. As emphasized above, these two onstrains enable us to simplify notieably the starting
wave equations (1.18): in fat reduing it to the form (1.18).
The fat of simpliity of the final equation (1.17) is signifiantly valued, espeially at finding its
solutions, but from the formal viewpoint muh more important and substantial matter is that existing
onstrains
Φ = 0,Φaa = 0, ∂
bΦab = 0 (2.11)
an be regarded as just those onditions whih will rule out all subsidiary omponents in the set Φab,Φ.
Correspondingly, only five remaining onstituents should be regarded as responsible for desription of
five degrees of freedom 2s+ 1 = 5 of the s = 2 partile.
In this line of arguments the generalized onstrains on tensors Φ,Φαβ
Φαα = 0, m
4Φ = −
1
3
Dα∆α, m
2DβΦαβ =
3
2
m2DαΦ +∆α, (2.12)
make the same work as relations (2.11): they exlude subsidiary field onstituents.
Thus, the extended theory of spin-2 partile in presene of external urved spae-time bakground
looks satisfatory in the line of arguments of degrees of freedom.
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